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We apply the quantum Langevin equations approach to study nonlinear light propagation through
one-dimensional interacting open quantum lattice models. We write a large set of quantum Langevin
equations of lattice operators obtained after integrating out the light fields and use them to derive
nonequilibrium features of the lattice models. We first consider a Heisenberg like interacting spin-
1/2 chain with nearest-neighbor coupling. The transient and steady-state transport properties of an
incoming monochromatic laser light are calculated for this model. We find how the local features
of the spin chain and the chain length dependence of light transport coefficient evolve with an
increasing power of the incident light. The steady-state light transmission coefficient at a higher
power depends non-monotonically on the interaction in a finite chain. While the nonlinear light
transmission in our studied model seems to be ballistic in the absence of interaction and for a
high interaction, it shows an apparent system-size dependence at intermediate interactions. Later,
we extend this method to the long-range interaction between spins of the driven-dissipative lattice
model and to incorporate various losses typical in many atomic and solid-state systems.
I. INTRODUCTION
A quantum system can be driven out-of-equilibrium by
connecting its two boundaries to different baths which
are kept at different chemical potentials, temperatures,
densities, pressures, etc. This open quantum system
set-up is very popular in the study of nonequilibrium
quantum transport [1–3]. Connecting a quantum sys-
tem to baths introduces dissipation and decoherence
which play a significant role in thermalization, nonequi-
librium phase transition and crossover from quantum
to classical transport. Nonequilibrium dynamics in
such driven-dissipative systems can be investigated us-
ing various theoretical methods including the Keldysh
or nonequilibrium Green’s function formalism [4–9], the
quantum Langevin equations (QLE) approach [2, 10–
13], the Lippmann-Schwinger scattering theory [14–16]
and the Lindblad master equation formalism for the re-
duced density matrix [17–21]. Nevertheless, exact re-
sults for transient as well as steady-state nonequilib-
rium dynamics applying these methods are mostly lim-
ited to either noninteracting (generally Hamiltonian of
the quadratic form in the field operators) quantum sys-
tems [2, 7, 12, 13] or relatively simple interacting quan-
tum impurity models [22–25]. Numerical techniques such
as real-time Monte Carlo [23, 26, 27], iterative path-
integral [28, 29], time-dependent numerical renormaliza-
tion group [30], time-dependent density-matrix renormal-
ization group (DMRG) [31–37] and time-evolving block
decimation (TEBD) [38] are often used in the study of
many-body open quantum systems. However, the con-
straint on available size in numerics can severely limit
the system size and the role of baths in such numerical
studies.
In this paper, we generalize the QLE approach
to calculate nonlinear light propagation through one-
dimensional (1D) interacting quantum lattice models
connected to photon baths at the boundaries. The QLE
approach has been previously applied to study nonequi-
librium electrical [12] and thermal [13] transport in non-
interacting and mean-field interacting models [39]. It can
be used both for time-independent and time-dependent
transport [2]. The QLE approach for nonequilibrium
transport is an extension of the Heisenberg-Langevin
equation approach [40, 41] to nonequilibrium open quan-
tum systems. Recently, Roy [42] applied the QLE ap-
proach to study light propagation through a two-level
atom (2LA) and a three-level atom embedded in a 1D
continuum of photon modes. We here show that the QLE
approach can be further extended to efficiently study dy-
namics of 1D interacting quantum lattice models driven
by laser lights. For this, we develop a matrix product op-
erator (MPO) description of writing and solving a large
set of quantum Langevin equations of lattice operators
which are obtained after integrating out the light fields.
We can determine both transient and long-time steady-
state properties of the driven-dissipative many-body sys-
tem precisely. Here, in contrast to many TEBD and
time-dependent DMRG studies [31, 32, 34], we include
an infinite number of photon modes in the noninteracting
photon baths [43]. Nevertheless, our current numerical
results are restricted to a 1D lattice model of eight sites
due to the computation limitation to solving a large set
of coupled linear differential equations.
We first apply the generalized QLE approach to an
atomic medium modeled as a Heisenberg like interact-
ing spin-1/2 chain [44] with nearest-neighbor coupling.
The exact eigenvalues and eigenvectors of the Heisen-
berg spin-1/2 chain can be derived using the Bethe ansatz
[45], and these solutions are crucial in our understand-
ing of equilibrium many-body dynamics in 1D quantum
systems [46]. The nonequilibrium dynamics, especially
transient dynamics, in an open Heisenberg spin-1/2 chain
is complicated to calculate efficiently due to the fast
growth of bipartite entanglement and resulting exponen-
tial growth of the dimension of the necessary many-body
Hilbert space. Nevertheless, some interesting hypotheses
have been proposed in the recent years to accurately ap-
proximate the nonequilibrium steady-state dynamics of
the Heisenberg spin-1/2 chain which is driven out of equi-
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2librium by Lindblad baths connected at the boundaries
of the chain [20, 21, 33, 35]. However, the validity of the
quantum master equation of Lindblad form in describ-
ing nonequilibrium transport in open quantum system of
multiple sites is highly contested in the recent years, and
these studies seem to suggest the applicability of Lind-
blad equations can be very restrictive for general baths
[47–49]. Therefore, we here use the QLE approach which
has been shown to be exact in the study of nonequilib-
rium particle and energy transport through a noninter-
acting open quantum system of multiple sites [12, 13]. In
the following, we also discuss some comparison between
the QLE approach and the quantum master equation of
Lindblad form in the context of our study.
We here find both transient and steady-state trans-
port properties of a monochromatic laser light passing
through an atomic medium modeled as a Heisenberg like
interacting spin-1/2 chain. The atomic medium is cou-
pled to photon baths at the boundaries. The steady-
state laser transmission coefficient in a finite chain de-
pends non-monotonically on the strength of interaction
between neighboring atom-photon excitations. We calcu-
late a scaling of the steady-state light transmission with
the chain length for the various power of the incident
resonant laser beam. While the transmission coefficient
seems to show ballistic transport (transmission coefficient
is independent of chain length) in the absence of the in-
teraction (equivalent to the XX model) and for a high
interaction, it falls with increasing chain length for inter-
mediate interaction strengths at high incident power. We
also investigate local properties such as a profile of atomic
excitations of the driven-dissipative medium for different
laser power. The interacting 1D open quantum media of
light have been implemented in many recent experiments
with ultra-cold atoms [50, 51], ions [52, 53], semiconduc-
tor qubits [54, 55] and superconductor qubits [56, 57].
Motivated by these experimental realizations, we extend
the QLE approach to the long-range interaction between
atoms of the driven-dissipative lattice model and to in-
corporate various losses typical in many atomic and solid-
state systems [58].
The manuscript is organized as follows. In Sec. II we
introduce our 1D open quantum optical medium modeled
as a nearest-neighbor Heisenberg like interacting spin-1/2
chain connected to photon baths at the boundaries. We
describe the generalized QLE approach and related nu-
merical results for a two-site spin chain in Sec. III. In
Sec. IV we develop the generalized QLE approach using
an MPO description for the interacting spin-1/2 chain
of many sites. We discuss current challenges and pos-
sible future directions for applications of our method in
Sec. V. We also include three appendices: Appendix A to
present single-photon transport in the nearest-neighbor
interacting spin-1/2 chain, Appendix B to incorporate
various losses in the spin-1/2 chain, and Appendix C to
extend the current approach to the long-range interaction
between spins.
FIG. 1. A cartoon of a one-dimensional nonlinear quantum
optical medium consisting of two-level atoms with levels |g〉
and |e〉. The atomic medium is driven out of equilibrium by
a tightly focused, coherent light (blue arrow) shined from the
left of the medium. The red arrows show transmitted and
reflected lights.
II. MODEL
Inspired by recent experimental studies [50, 51, 56–
58], we investigate coherent light propagation through
a 1D nonlinear quantum optical medium consisting of
real or artificial atoms. The medium is direct-coupled to
light fields where the incident light excites (drives) the
boundary atoms as in Ref. [57], and the atom-photon
excitations propagate through the medium due to elec-
tromagnetic interactions between the atoms inside the
medium (see Fig. 1). For simplicity, we consider 2LAs
with a transition frequency ωi between ground and ex-
cited levels |g〉i and |e〉i at site i. We here assume a small
separation between the atoms compared to the resonant
wavelength of the atoms. This assumption allows us to
neglect any non-Markovian features due to retardation
of photons between the atoms. First, we develop our
theory for the nearest-neighbor interaction between the
atoms, and later we extend the theory in Appendix C
to the long-range interaction. The sources of these in-
stantaneous interactions can be various, e.g., mediated
by virtual or real photons between atoms in the cav-
ity and circuit quantum electrodynamics (QED) set-ups
or dipole-dipole interactions between neutral atoms or
Coulomb interactions between ions.
We connect the atomic medium to photonic baths of
coherent light at the two boundaries of it to study light
propagation through the medium. We consider a lin-
ear energy-momentum dispersion (ωk = vgk) for differ-
ent photon modes in the baths with a group velocity vg
and write atom-photon interactions in linear form within
the rotating-wave approximation. The atom-photon cou-
pling strength at the left and right side of the medium
are gL and gR respectively. All the couplings are taken
in this paper to be constant over photon frequency near
the mean ωi; this is known as the Markov approximation
causing the photon fields to behave as memoryless baths.
The total Hamiltonian consisting of the atomic medium
of N atoms, the photon baths, and the atom-photon cou-
3pling terms is
HT = HM +HLB +HRB + VLM + VRM with (1)
HM
~
=
N∑
i=1
ωiσ
†
iσi +
N−1∑
i=1
(
2Jx(σ
†
iσi+1 + σ
†
i+1σi)
+4Jzσ
†
iσiσ
†
i+1σi+1
)
, (2)
HLB
~
=
∫ ∞
−∞
dk ωka
†
kak,
HRB
~
=
∫ ∞
−∞
dk ωkb
†
kbk, (3)
VLM
~
=
∫ ∞
−∞
dk gL(a
†
kσ1 + σ
†
1ak), (4)
VRM
~
=
∫ ∞
−∞
dk gR(b
†
kσN + σ
†
Nbk). (5)
Here, σ†i (≡ |e〉ii〈g|) and σi (≡ |g〉ii〈e|) are the raising
and lowering operator of the ith 2LA, and a†k, b
†
k create a
photon with wave number k respectively at the left and
right side photon bath. We set here energy of ground
levels |g〉i to zero. We have [ak, a†k′ ] = [bk, b†k′ ] = δ(k−k′)
and σ†j = (σ
x
j +iσ
y
j )/2, σ
z
j = 2σ
†
jσj−Ij where σxj , σyj and
σzj are 2 × 2 Pauli matrices with commutation relation
[σxj , σ
y
k ] = 2iδjkσ
z
j and Ij is a 2 × 2 unit matrix in local
Hilbert space of the jth atom.
For the coupling constants Jx = Jz, the Hamiltonian
in Eq. 2 of the atomic medium is a bit similar to the
isotropic Heisenberg model of spin-1/2 in external mag-
netic fields where ωi’s simulate external magnetic fields
[59]. When Jx 6= Jz, this is like the Heisenberg XXZ
model in external fields. The Heisenberg spin-1/2 chain
can be mapped to a 1D Hubbard model of interacting
spinless fermions via the Jordon-Wigner transformation.
For Jx 6= 0 and Jz = 0, the medium Hamiltonian is
the XX spin chain which transforms into a tight-binding
chain of free spinless fermions.
It has been recently argued from perturbative calcula-
tion and simulation that the linear-response spin trans-
port is ballistic and superdiffusive anomalous, respec-
tively, for Jz < Jx and Jz = Jx (isotropic) in the Heisen-
berg spin chain in the absence of external magnetic field
at any temperature [33, 35]. According to these studies,
the linear response spin current is expected to be diffu-
sive at infinite temperature for Jz > Jx. On the other
hand, another study [21] based on the Lindblad equation
claims that the nonequilibrium spin current is indepen-
dent of chain length N (ballistic) for Jz < Jx, the spin
current scales as 1/N2 for Jz = Jx, and it decays expo-
nentially with N (insulator) for Jz > Jx. We find here
that the nonequilibrium (nonlinear) transmission of res-
onant laser light is ballistic for Jz  Jx and Jz  Jx,
and it shows a clear N -dependence when Jz = Jx. The
above results show that the nonequilibrium spin and pho-
ton transport can be very different in the Heisenberg spin
chain when Jz > Jx.
A single photon saturates a single 2LA, and the 2LA
acts as a nonlinear medium for two or more photons.
Apart from this optical nonlinearity at individual atoms,
the Jz coupling can also induce optical nonlinearity via
interaction between atom-photon excitations. Therefore,
two different mechanisms are responsible for optical non-
linearity in our model. Our photon baths here are kept at
zero temperature. These baths act as a source of coherent
lights which can propagate through the atomic medium
by creating atom-photon excitations. In this paper, we
study the propagation of these lights and the consequent
radiative energy transfer by them through the medium.
We assume here that the atom-photon couplings are
turned on at t = t0 when a light beam is shined on
the atomic medium. In the following, we first formu-
late our method to study light propagation in a small
atomic medium of two atoms. It can mostly be carried
out analytically. Later, we extend the technique to a
more extended medium of N atoms using MPOs.
III. NONLINEAR MEDIUM OF TWO ATOMS
The single-photon transport properties in an atomic
chain of N atoms can be calculated following Roy [60].
The transmission and reflection coefficients are extracted
from the single-photon scattering eigenstate on real-space
which we derive in Appendix A. For example, the single-
photon transmission amplitude t2(ωp) of an incident pho-
ton at frequency ωp on a medium of two atoms is
t2(ωp) =
−4iJx
√
ΓLΓR
(ωp − ω1 + iΓL)(ωp − ω2 + iΓR)− 4J2x
, (6)
where the atom-photon coupling rates, ΓL = pig
2
L/vg and
ΓR = pig
2
R/vg. The transmission coefficient |t2(ωp)|2
shows two resonant peaks around photon frequency
ωp± = (ω1 + ω2)/2 ±
√
(ω1 − ω2)2 + (4J2x + ΓLΓR).
These peaks are due to the resonant exchange of pho-
ton between two atoms. The above expression for t2(ωp)
is independent of Jz which causes an effective interaction
between two atom-photon excitations and is absence for
single atom-photon excitation. We now examine how the
transmission lineshape of a laser beam changes as we in-
crease the power of the incident laser beam from a very
low (single-photon limit) to a high value.
We calculate nonlinear light propagation through the
medium using the QLE approach. We start the calcula-
tion by writing the Heisenberg equations for photonic op-
erators of the baths and atomic operators of the medium.
One important feature of the interaction between atoms
is that the Heisenberg equations for individual (local)
atomic operators (σi, σ
†
i , σ
†
iσi) do not form a close set
as these equations have terms with higher-order (non-
local) operators involving different atoms. Therefore, we
also need to write Heisenberg equations for these higher-
order atomic operators involving different atoms. For
example, we need to consider all the atomic operators in
{I1, σ†1, σ1, σ†1σ1} ⊗ {I2, σ†2, σ2, σ†2σ2} for two atoms. For
an atomic chain of N atoms, the complete set of atomic
operators to form a close set of Heisenberg equations is
{I, σ†, σ, σ†σ}⊗N . Therefore, we have 4N − 1 nontrivial
4Heisenberg equations for N atoms as I⊗N has no dynam-
ics.
The Heisenberg equations for the photon operators
ak, bk are first-order linear inhomogeneous differential
equations which we solve formally for some initial con-
dition at t0. The initial condition of photon operators
provides a direction of incoming light. For the atomic
medium of two atoms, we get time-evolution of the pho-
ton operators, ak(t) and bk(t) with initial conditions
ak(t0) and bk(t0) as
ak(t) = Gk(t− t0)ak(t0)− igL
∫ t
t0
dt′Gk(t− t′)σ1(t′),(7)
bk(t) = Gk(t− t0)bk(t0)− igR
∫ t
t0
dt′Gk(t− t′)σ2(t′),(8)
with Gk(τ) = e−ivgkτ . Plugging these solu-
tions of the photon operators in the Heisen-
berg equations of the atomic operators
σ1, σ
†
1σ1, σ2, σ
†
2σ2, σ1σ2, σ
†
1σ2, σ1σ
†
2σ2, σ
†
1σ1σ2, σ
†
1σ1σ
†
2σ2
and their nontrivial hermitian conjugates, we derive a
set of (fifteen) nonlinear QLE of the atomic operators
[42]. The noises in these Langevin equations are coming
from the left and right photon baths and we denote
them here by ηL(t) =
∫∞
−∞ dk Gk(t − t0)gLak(t0) and
ηR(t) =
∫∞
−∞ dk Gk(t − t0)gRbk(t0). The properties of
these noises are determined by the initial condition of
the photon fields at t = t0. For example, for an incident
laser light in the coherent state |Ep, ωp〉 with a frequency
ωp and an amplitude Ep from the left of the atomic
medium, we have
ak(t0)|Ep, ωp〉 = Ep δ(vgk − ωp)|Ep, ωp〉, (9)
bk(t0)|Ep, ωp〉 = 0. (10)
We can also have incoming light from the both sides of
the atomic medium.
To solve the nonlinear QLE of atomic operators, we
apply the above properties of incident light in the co-
herent state. Thus, we transform the nonlinear oper-
ator equations into a set of linear coupled differential
equations of non-operator variables by performing ex-
pectation of these operator-equations in the initial state
|Ep, ωp〉. Taking expectation also converts the noise oper-
ators in these QLE to c-numbers. We remove any explicit
time-dependence in the coefficients of the linear coupled
differential equations of the non-operator variables by in-
troducing the following variables with j = 1, 2: [42, 61]
Sj(t) = 〈σj(t)〉eiωp(t−t0), (11)
Sjj(t) = 〈σ†j (t)σj(t)〉, (12)
S3(t) = 〈σ1(t)σ2(t)〉e2iωp(t−t0), (13)
S12(t) = 〈σ†1(t)σ2(t)〉, (14)
S122(t) = 〈σ1(t)σ†2(t)σ2(t)〉eiωp(t−t0), (15)
S112(t) = 〈σ†1(t)σ1(t)σ2(t)〉eiωp(t−t0), (16)
S1122(t) = 〈σ†1(t)σ1(t)σ†2(t)σ2(t)〉, (17)
where we multiply a factor eiωp(t−t0) with each σj(t) and
e−iωp(t−t0) with each σ†j (t) of the atomic operators in
{I1, σ†1, σ1, σ†1σ1} ⊗ {I2, σ†2, σ2, σ†2σ2}. Here we use the
following convention for writing the expectation of an op-
erator Oˆ in |Ep, ωp〉, 〈Ep, ωp|Oˆ|Ep, ωp〉 ≡ 〈Oˆ〉. Thus, we
obtain the following differential equations for the above
variables in Eqs. 11-17:
dS1
dt
= −(iδω1 + ΓL)S1 + 2iJx(2S112 − S2)− 4iJzS122
+2iΩLS11 − iΩL, (18)
dS2
dt
= −(iδω2 + ΓR)S2 + 2iJx(2S122 − S1)− 4iJzS112,
(19)
dS11
dt
= −2ΓLS11 − 2iJx(S12 − S∗12) + iΩL(S1 − S∗1 ),
(20)
dS22
dt
= −2ΓRS22 + 2iJx(S12 − S∗12), (21)
dS3
dt
= −(i(δω1 + δω2 + 4Jz) + ΓL + ΓR)S3
+iΩL(2S112 − S2), (22)
dS12
dt
=
(
i(ω1 − ω2)− ΓL − ΓR
)S12 + 2iJx(S22 − S11)
+iΩL(S2 − 2S112), (23)
dS122
dt
= −(i(δω1 + 4Jz) + ΓL + 2ΓR)S122 + 2iJxS112
+iΩL(2S1122 − S22), (24)
dS112
dt
= −(i(δω2 + 4Jz) + 2ΓL + ΓR)S112 + 2iJxS122
+iΩL(S3 − S12), (25)
dS1122
dt
= −2(ΓL + ΓR)S1122 + iΩL(S122 − S∗122), (26)
where the detuning δωj = ωj − ωp with j = 1, 2 and
the Rabi frequency of the incident laser beam, ΩL =
gLEp/vg. The rates ΓL,ΓR denote dissipation in the
atomic medium due to its coupling to the photon baths at
the left and right boundaries. The rest of the nontrivial
equations in the complete set of fifteen coupled differen-
tial equations are complex conjugates of the equations
in 18,19,22,23,24,25. The Eqs. 18-26 obtained after av-
eraging over the light fields in the coherent state are the
optical Bloch equations or the master equations of Lind-
blad form written in a specific basis [62, 63].
The equations 18-26 can be expressed in a compact
manner by introducing the vectors S2 = (S∗1 ,S1,S11,
S∗2 ,S∗3 ,S∗12,S∗112,S2,S12,S3,S112,S22,S∗122,S122,S1122)T
and Ω2 = (iΩL,−iΩL, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T :
dS2
dt
= Z2S2 + Ω2, (27)
where Z2 includes the matrix elements of the Hamilto-
nian HM plus the driving terms due to the laser field and
the dissipation due to coupling to the baths. The Eq. 27
5for such non-operator variables can be solved with an
initial condition, e.g., S2(t = t0) = 0 which indicates
the atoms in the ground state before shining a light on
the medium. The long-time steady-state behavior of the
medium is independent of the initial condition of the
atomic chain. The steady-state solutions are obtained
by setting dS2dt = 0. Therefore, we have at the steady-
state, S2(t = ∞) = −Z−12 Ω2 which involves the inverse
of a fifteen dimensional square matrix. We invert this
matrix numerically.
The transmission and reflection coefficients of the laser
beam can be calculated from the scattered power. For
this, we introduce a real-space description of the photon
operators at position x ∈ [−∞,∞] of both sides of the
atomic medium [42]. For a linear energy-momentum dis-
persion of photons in the baths, we define photon op-
erator as ax(t) =
∫∞
−∞ dk e
ikxak(t)/
√
2pi and bx(t) =∫∞
−∞ dk e
ikxbk(t)/
√
2pi where the operators at x < 0 and
x > 0 represent respectively incident and scattered pho-
tons on each side of the atomic medium and the photons
at x = 0 are coupled to the atom at the boundaries of
the medium.
For an incident light from left of the medium, the
power spectrum of the incident light is defined as
Pin(ω) = Re
∫ ∞
0
dτ
pi
eiωτ 〈a†x<0(t)ax<0(t+ τ)〉, (28)
where we take t < t0 and the expectation 〈..〉 is again
performed in the initial state |Ep, ωp〉. We find Pin(ω) =
E2p δ(ω−ωp)/(2piv2g). The intensity (total number of pho-
tons) of the incident light per unit quantization length,∫
dωPin(ω) = E
2
p/(2piv
2
g) = Iin. The power spectrum of
the transmitted and the reflected light are defined, re-
spectively, as
Ptr(t, ω) = Re
∫ ∞
0
dτ
pi
eiωτ 〈b†x>0(t)bx>0(t+ τ)〉, (29)
Prf(t, ω) = Re
∫ ∞
0
dτ
pi
eiωτ 〈a†x>0(t)ax>0(t+ τ)〉, (30)
where t > t0. Ptr(t, ω) and Prf(t, ω) become indepen-
dent of time t at a long-time steady-state. To calculate
Ptr(t, ω) and Prf(t, ω), we first apply the formal solu-
tion of the Heisenberg equation for bk(t) and ak(t) from
Eqs. 7,8, and rewrite Ptr(t, ω) and Prf(t, ω) using input
fields and atomic operators. Applying Eqs. 9,10, we find
Ptr(t, ω) =
2ΓR
pivg
Re
∫ ∞
0
dτeiωτ 〈σ†2(t)σ2(t+ τ)〉, (31)
Prf(t, ω) = Pin(ω)− ΩL
pivg
Im
∫ ∞
0
dτei(ω−ωp)τ
×(S∗1 (t)− S1(t+ τ))
+
2ΓL
pivg
Re
∫ ∞
0
dτeiωτ 〈σ†1(t)σ1(t+ τ)〉,(32)
where we take x → 0+. Thus, one needs to calculate a
two-time correlation of atomic operators 〈σ†1(t)σ1(t+ τ)〉
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FIG. 2. Transient properties of the scattered light and the
atoms in a medium of two atoms driven by a laser light. The
upper row shows time-evolution of transmission and reflection
coefficients T2(t),R2(t) of a laser light from the left of the
medium modeled as an interacting spin chain. The lower row
depicts time-evolution of excited atoms scaled by power of
the incident laser. The incident laser power in the first and
second column, respectively, is Iin = 1.6 × 10−5 and 0.04 (in
units of ωa/vg). The other parameters are ω1 = ω2 = ωp =
ωa, Jx = Jz = 0.05ωa,ΓL = ΓR = 0.1ωa.
and 〈σ†2(t)σ2(t+τ)〉 to find the transmitted and reflected
power spectra which are useful to derive transmission
and reflection of radiation energy. The two-time correla-
tions can be evaluated at steady-state by deriving a set
of coupled differential equations for the two-time corre-
lation of atomic operators which are similar in the form
of Eqs. 18-26. It has been carried out in Ref. [42] for
a single atom. However, we are here only interested in
getting total transmitted and reflected power which in
turn would give transmission and reflection coefficients
of light. The time-dependent transmission and reflec-
tion coefficient for an incoming light from the left of the
medium are respectively,
T2(t) =
∫
dωPtr(t, ω)/Iin
=
2ΓR
vgIin
〈σ†2(t)σ2(t)〉 =
2ΓR
vgIin
S22(t), (33)
R2(t) =
∫
dωPrf(t, ω)/Iin
= 1 +
2ΩL
vgIin
Im[S1(t)] + 2ΓL
vgIin
S11(t). (34)
Numerical results: Next, we present some numerical re-
sults for the transient and steady-state properties of the
scattered light as well as of the atomic medium driven
by a laser light from the left. We set vg = 1 in all our
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FIG. 3. Linear and nonlinear laser transmission through an
atomic medium of two atoms modeled as an interacting spin
chain. The steady-state transmission coefficient T2(t = ∞)
vs. scaled frequency ωp/ωa of the laser for various intensities
(Iin ∝ E2p) of the incident laser. The single-photon (linear)
transmission |t2(ωp)|2 in Eq. 6 is identical to T2(t = ∞) for
Iin = 1.6 × 10−5. The parameters are (a) ω1 = ω2 = 1, Jx =
0.05, (b) ω1 = ω2 = 1, Jx = 0.1, (c) ω1 = 0.8, ω2 = 1.2, Jx =
0.05, and (d) ω1 = 1.2, ω2 = 0.8, Jx = 0.05. In all the plots
ΓL = ΓR = 0.1, Jz = 0.05. The rates ΓL,ΓR, Jx, Jz and ω1, ω2
are in units of ωa, and Iin is in units of ωa/vg.
numerical results. We solve Eq. 27 with the initial con-
dition, S2(t0 = 0) = 0 which describes all atoms in the
ground state before shining the laser on them. Using
the solution of S2(t), we evaluate T2(t),R2(t) of the in-
cident laser light from the left of the medium modeled
as an interacting spin chain. We show T2(t),R2(t) with
time in Figs. 2(a) and 2(b) for a resonant incident laser
(ωp = ω1 = ω2) at a lower (Iin = 1.6× 10−5, Ep = 0.01)
and a higher (Iin = 0.04, Ep = 0.5) power respectively.
For a very weak incident laser (single-photon limit),
we find T2(t) grows from zero at the initial time as the
laser passes through the atoms. However, T2(t) exceeds
one for a short time window before saturating to near
one as shown in Fig. 2(a) for Iin = 1.6 × 10−5. Ac-
cording to our definition of the reflection coefficient, it is
one when there is no interaction between light and the
medium. Therefore, R2(t) starts from one at t = t0 = 0
here, and it decays to zero as the laser passes through the
medium. However, R2(t) shows a bump at some inter-
mediate time before saturating at zero. The appearance
of T2(t) > 1 and a bump in R2(t) at some intermedi-
ate time can be related to the initial trapping of pho-
tons in the medium as atomic excitations. These atomic
excitations are stimulated by the incident light to emit
extra photons in the forward and backward directions.
This stimulated emission generates a temporary ampli-
fication of transmission and reflection coefficient. The
above phenomenon is also the reason for the humps in
the time-evolution of scaled atomic excitation amplitudes
S11(t)/Iin,S22(t)/Iin shown in Fig. 2(c). For a weak res-
onant laser and 2Jx = ΓL = ΓR, both the atoms are
equally excited at long-time steady state. The above fea-
tures also remain the same for an atomic medium mod-
eled as an XX spin chain (Jz = 0) as the medium is
mostly linear at such a weak laser power.
For a higher laser power (Iin = 0.04), many above
details of the transport coefficients and the atomic ex-
citations for a lower power are changed due to the
optical nonlinearity of the atoms at the high power.
While T2(t) does not approach one, R2(t) never van-
ishes at a higher laser power (see Fig. 2(b)). We also
find in Fig. 2(d) that the steady-state atomic excita-
tion amplitudes are a bit different from Fig. 2(c). We
have also checked that though the transient behavior
of T2(t),R2(t),S11(t)/Iin,S22(t)/Iin are very different for
different S2(t0), the long-time steady-state properties of
the above quantities are independent of S2(t0) as implied
by Eq. 27.
The long-time steady-state transmission coefficient
T2(t = ∞) of an incoming laser light from the left of
the atomic medium is shown Fig. 3. We plot T2(t = ∞)
with the frequency ωp of the incident light in Fig. 3 for
various intensities Iin (∝ E2p) of the laser light and differ-
ent parameters of the atomic medium. The lineshape of
T2(t = ∞) matches with the single-photon transmission
|t2(ωp)|2 in Eq. 6 when the power of the incident laser
is very low, i.e., ΩL << ΓL,ΓR. The solid blue lines in
Fig. 3 for ΩL = 0.0018 (Iin = 1.6 × 10−5, Ep = 0.01)
are identical to the single-photon transmission |t2(ωp)|2
through the atomic medium. As discussed before, there
would be two resonant peaks in |t2(ωp)|2 lineshape due
to the resonant exchange of photon by the coupling Jx
between two atoms. However, for identical atoms when
2Jx ≤ ΓL,ΓR, these resonant peaks overlap with each
other to become one due to the broadening of the indi-
vidual peaks by the bath couplings ΓL,ΓR. It is the case
in Fig. 3(a). The separation between the resonant peaks
in T2(t =∞) at low power (Iin = 1.6× 10−5, Ep = 0.01)
is evident in Fig. 3(b) for a higher 2Jx > ΓL,ΓR. It is also
clearly visible in Figs. 3(c,d) even for 2Jx ≤ ΓL,ΓR when
the transition frequencies of the atoms are very different.
Note that, the maximum value of T2(t =∞) for two dif-
ferent atoms in Figs. 3(c,d) is much smaller than that
in Figs. 3(a,b) for the identical atoms. This is because
light transmission falls rapidly with increasing detuning
of light’s frequency from atomic transition frequencies.
The magnitude of T2(t = ∞) decreases from |t2(ωp)|2
with an increasing power (higher Ep) of the incident laser
as shown in all the plots of Fig. 3. The primary reason
is the optical nonlinearity of the 2LAs. This optical non-
linearity results in photon blockade which is similar to
Coulomb blockade in electrical transport. Secondarily,
the contribution of instantaneous interaction Jx between
the atoms is maximum when one atom is in the excited
7state while the other is in the ground state. This is the
case for a single-photon incoming light. As the photon
number or the power of the incident light increases, there
is a higher probability for both the atoms to be simul-
taneously excited. Therefore, the contribution of the Jx
interaction in light transmission reduces with increasing
intensity of light, and the transmission T2(t = ∞) falls.
It is also the reason for decreasing separation between
the resonant peaks (created by the Jx interaction) which
eventually become one around the atoms’ transition fre-
quency at a higher intensity as shown in Fig. 3(b).
Finally, we point out that while the lineshape of T2(t =
∞) with ωp in Fig. 3 is symmetric across the mean atomic
transition frequency (ω1+ω2)/2 for the single-photon in-
coming light; it becomes asymmetric for higher incident
light power in Figs. 3(b,c,d). The asymmetry is created
by an intensity-dependent nonlinear contribution to the
refractive index which is also spatially asymmetric for
different transition frequencies (ω1 6= ω2) of the 2LAs
or/and when ΓL 6= ΓR. For two identical atoms and
ΓL = ΓR, the asymmetry of nonlinear T2(t =∞) around
the mean frequency is absent when Jz = 0. This spatially
asymmetric and nonlinear refractive index is responsible
for nonreciprocity in light propagation through such spa-
tially asymmetric nonlinear media [60, 64].
IV. NONLINEAR MEDIUM OF MANY ATOMS
We now consider an atomic medium of several atoms.
Here we generalize the above QLE approach to study
linear and nonlinear light transmission through a long
atomic chain. In general, it is challenging to write and
solve a large set of (4N − 1) QLE for the atomic medium
of N atoms. To do this, we have developed a numerical
technique using an MPO description of the Hamiltonian.
The primary step of the numerical method is to effi-
ciently calculate the commutation relation between the
atomic operators and the total Hamiltonian for the
Heisenberg equations. The atomic operators are written
as a tensor product of local operators: {I1, σ†1, σ1, σ†1σ1}⊗
{I2, σ†2, σ2, σ†2σ2}⊗· · ·⊗{IN , σ†N , σN , σ†NσN} ≡ σ1⊗σ2⊗· · ·⊗σN ≡ σ⊗N . Following the calculation in Sec. III for
two atoms, we multiply a factor eiωp(t−t0) with each σj(t)
and e−iωp(t−t0) with each σ†j (t) of the atomic operators
in σ⊗N . After multiplication of these factors, we call the
atomic operators as σ˜⊗N . This redefinition of atomic
operators as σ˜⊗N removes any explicit time-dependence
in the coefficients of linear coupled differential equations
of the non-operator variables 〈σ˜⊗N 〉 obtained after tak-
ing expectation of the Heisenberg equations of σ˜⊗N in
the initial state |Ep, ωp〉 as in Sec. III. The Heisenberg
equations of σ˜⊗N are:
dσ˜⊗N
dt
= − i
~
[σ˜⊗N ,HT ] + ∂σ˜
⊗N
∂t
, (35)
where the last term is due to explicit time-dependence
of σ˜⊗N . We get rid of the term ∂σ˜⊗N/(∂t) from the
Heisenberg equations of σ˜⊗N by replacing ωj in HM by
δωj = ωj−ωp. After replacing ωj by δωj in HM and HT ,
we rename them as H˜M and H˜T respectively. Therefore,
we can now write Eq. 35 as
dσ˜⊗N
dt
= − i
~
[σ˜⊗N , H˜T ]. (36)
We rewrite the renormalized total Hamiltonian as
H˜T = H˜M + HE where HE includes the Hamiltonian
of the photon baths and the atom-photon couplings. For
nearest-neighbor interaction between atoms, the Hamil-
tonian of the medium can be expressed as a sum over
nearest-neighbor bond Hamiltonians:
H˜M =
N−1∑
i=1
H˜[i i+1], where (37)
H˜[i i+1]
~
= 2Jx(σ
†
iσi+1 + σ
†
i+1σi) + 4Jz(σ
†
iσiσ
†
i+1σi+1)
+
1
2
(δω˜iσ
†
iσi + δω˜i+1σ
†
i+1σi+1), (38)
with δω˜1 = 2(ω1−ωp), δω˜N = 2(ωN−ωp) and δω˜i = ωi−
ωp for i = 2, 3 . . . N − 1. Due to such separability of the
medium Hamiltonian, we can now write the commutation
relation in Eq. 36 as:
[σ˜⊗N , H˜T ] = [σ˜⊗N ,HE ] + [σ˜⊗N , H˜M ]
= [σ˜⊗N ,HE ] + [σ˜1 ⊗ σ˜2, H˜[1 2]]⊗ σ˜3 · · · ⊗ σ˜N
+σ˜1 ⊗ [σ˜2 ⊗ σ˜3, H˜[2 3]]⊗ σ˜4 · · · ⊗ σ˜N + . . .
+σ˜1 ⊗ σ˜2 · · · ⊗ σ˜N−2 ⊗ [σ˜N−1 ⊗ σ˜N , H˜[N−1N ]].(39)
We can represent H˜[i i+1] as an MPO which helps to
perform the commutation between the atomic operators
and the nearest-neighbor bond Hamiltonian. Therefore,
we express H˜[i i+1] as
H˜[i i+1] = M [i]M [i+1], (40)
where the matrix M [i] [M [i+1]] acts on a local Hilbert
space of ith [(i + 1)th] atom, and the tensor product
between elements of M [i] and M [i+1] generates the full
Hilbert space of the bond Hamiltonian H˜[i i+1]. We take
matrix product between operator-valued matrices M [j]’s
which reproduces the bond Hamiltonian as sums of tensor
products of operators represented by 2 × 2 Pauli matri-
ces in different local Hilbert spaces. We have the follow-
ing operator-valued matrices for nearest-neighbor bond
Hamiltonian:
M [i] =
[
1
2δω˜iσ
†
iσi 2Jxσ
†
i 2Jxσi 4Jzσ
†
iσi Ii
]
, (41)
M [i+1] =
[
Ii+1 σi+1 σ
†
i+1 σ
†
i+1σi+1
1
2δω˜i+1σ
†
i+1σi+1
]T
.
(42)
For a homogeneous atomic medium with ωi = ωa for
all atoms, the commutation relation [σ˜⊗N , H˜M ] can be
evaluated easily. In this case, H˜[i i+1] is the same for
8all bulk bonds [for i = 2, 3 . . . (N − 2)], and we need to
compute only a single commutator for all the bulk bonds.
However, the above simplification does not work for a
disordered medium, and we need to evaluate all the local
commutators in Eq. 39 explicitly.
Next, we determine the contribution from the baths in
the Heisenberg equations of the atomic operators. For
this, we integrate out the photon baths at the left and
right boundaries of the atomic medium by substituting
the formal solutions (similar to Eqs. 7,8) of the bath op-
erators as we have done in Sec. III. Thus, we find the
following expression for the baths’ contributions in the
Heisenberg equations after performing an expectation in
the coherent state of the incident light field:
〈[σ˜⊗N ,HE ]〉 =i~〈
(
(Ξ1 −Ξ2)⊗Nj=2 σ˜j
+⊗N−1j=1 σ˜j ⊗ (Π1 −Π2)
)〉, (43)
where the components are:
Ξ1 = ΓLσ˜
†
1[σ˜1, σ˜1]− iΩL[σ˜1, σ˜1],
Ξ2 = ΓL[σ˜1, σ˜
†
1]σ˜1 + iΩL[σ˜1, σ˜
†
1],
Π1 = ΓRσ˜
†
N [σ˜N , σ˜N ],
Π2 = ΓR[σ˜N , σ˜
†
N ]σ˜N .
We take an expectation of the Heisenberg equation in
Eq. 36 in the coherent state of the incident light field:
d〈σ˜⊗N 〉
dt
= − i
~
〈[σ˜⊗N , H˜T ]〉
= − i
~
(〈[σ˜⊗N ,HE ]〉+ 〈[σ˜⊗N , H˜M ]〉). (44)
The different parts of the last line in Eq. 44 can be
derived using Eqs. 39-43. Here, 〈[σ˜⊗N , H˜T ]〉 is a ten-
sor with indices as 〈[σ˜⊗N , H˜T ]〉kNiN ,jN which we reshape
into 〈[σ˜⊗N , H˜T ]〉kN ,(iN∗jN ). For a medium of N atoms,
kN = 4
N and iN , jN = 2
N . The reshaped tensor
〈[σ˜⊗N , H˜T ]〉kN ,(iN∗jN ) is a square matrix of dimension
4N × 4N . The basis for this 4N × 4N square ma-
trix is 4N elements from 〈σ˜⊗N 〉. A row of the matrix
〈[σ˜⊗N , H˜T ]〉kN ,(iN∗jN ) corresponding to the element I⊗N
of 〈σ˜⊗N 〉 is null and we drop it. We also separate a col-
umn of the matrix 〈[σ˜⊗N , H˜T ]〉kN ,(iN∗jN ) corresponding
to the element I⊗N of 〈σ˜⊗N 〉, and write it as a column
matrix ΩN . For an incident light from the left of the
atomic medium, there are two non-zero terms ±iΩL in
the column matrix ΩN . After dropping a row and exclud-
ing a column from 〈[σ˜⊗N , H˜T ]〉kN ,(iN∗jN ), we now have a
truncated square matrix of dimension (4N −1)×(4N −1)
for N atoms. Therefore, we find from Eq. 44
dSN
dt
= ZNSN + ΩN , (45)
where SN is a column matrix made of (4N − 1) ele-
ments of 〈σ˜⊗N 〉 excluding the first element I⊗N . Here,
ZN is the above truncated (4N − 1) × (4N − 1) square
matrix obtained from 〈[σ˜⊗N , H˜T ]〉4N ,4N after dropping a
row and excluding a column. When we arrange 〈σ†1(t)⊗
I⊗(N−1)〉e−iωp(t−t0) and 〈σ1(t) ⊗ I⊗(N−1)〉eiωp(t−t0) as
the first two elements of SN , then we have ΩN =[
iΩL −iΩL 0 0 . . . 0
]T
of length (4N − 1) for an inci-
dent light from the left of the atomic medium.
As in the previous Sec. III, we can calculate SN (t)
from Eq. 45 for an initial condition, e.g., SN (t0) = 0
which denotes all atoms in the ground state at t = t0
before shining a light on the atomic medium. Again, the
long-time steady-state values of SN (t) are independent
of the initial condition, and we evaluate SN (t =∞) from
SN (t =∞) = −Z−1N ΩN , (46)
which requires an inversion of a square matrix of di-
mension (4N − 1) × (4N − 1) for N atoms. The long-
time steady-state transmission and reflection coefficients
TN (t = ∞) and RN (t = ∞) of an incident laser light
from the left of the atomic medium can be found from
the following expressions:
TN (t =∞) = 2ΓR
vgIin
SNN (t =∞), (47)
RN (t =∞) = 1 + 2ΩL
vgIin
Im[S1(t =∞)]
+
2ΓL
vgIin
S11(t =∞), (48)
where SNN (t) = 〈I⊗(N−1) ⊗ σ†N (t)σN (t)〉,S1(t) =
〈σ1(t) ⊗ I⊗(N−1)〉eiωp(t−t0) and S11(t) = 〈σ†1(t)σ1(t) ⊗
I⊗(N−1)〉 which are components of the column matrix
SN .
We here also calculate nonequilibrium properties of the
driven-dissipative atomic medium. The local atomic ex-
citation probability Sii(t = ∞) ≡ 〈I⊗(i−1) ⊗ σ†i (t =
∞)σi(t = ∞) ⊗ I⊗(N−i)〉 at the ith site is one such
nonequilibrium feature of the medium which is already
found in Eq. 46. The equal-time correlations between
different atoms, for example, 〈σ†1(t)σ1(t) ⊗ I⊗(N−2) ⊗
σ†N (t)σN (t)〉 – an equal-time correlation between excited
atoms at the boundaries of the medium, can also be ex-
tracted from Eq. 46. However, we need to go beyond
the above calculation to derive a two-time correlation be-
tween atomic operators of the driven-dissipative medium.
This can be formulated following Ref. [42] where such
two-time correlators are found for a single atom.
Numerical results: In the following, we present our nu-
merical results for an ordered atomic chain with ωi = ωa
for i = 1, 2 . . . N . We first discuss various features of
the steady-state light transmission through the ordered
medium and we later show the properties of the driven-
dissipative medium. Our numerics for nonlinear light
propagation following the QLE method in this section
is currently limited to eight atoms due to the large size
of ZN matrix in Eq. 46. However, we can study single-
photon light propagation for a large number of atoms
using the scattering theory in Appendix A. Similar to
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FIG. 4. Comparison between linear and nonlinear transmis-
sion lineshapes through an ordered atomic medium of six
atoms modeled as an XX (Jz = 0) and an XXZ type in-
teracting (Jz 6= 0) spin chain. Different subplots are for dif-
ferent incident laser powers (Iin ∝ E2p). The single-photon
(linear) transmission |t6(ωp)|2 (dashed lines) is identical to
the steady-state transmission coefficient T6(t = ∞) for Iin =
1.6×10−5ωa/vg. The parameters are Jx = ΓL = ΓR = 0.1ωa.
The intensity Iin is in units of ωa/vg.
the two atoms in Sec. III, the single-photon transmission
|tN (ωp)|2 through a medium of several atoms also has
peaks around the resonant levels of the isolated medium
modeled as an XX chain. It is depicted in all the sub-
plots of Fig. 4 by dashed lines for an ordered medium of
six atoms. The number of peaks is equal to the num-
ber of atoms, and the frequency window (ωa − 4Jx to
ωa + 4Jx) of finite transmission in an ordered medium is
determined by the coupling Jx. The width of the reso-
nant peaks is controlled by the coupling strength ΓL and
ΓR, and the separation between the resonant peaks in
the single-photon transmission decreases with increasing
number of atoms.
In Fig. 4, we also show how the single-photon trans-
mission through six atoms changes with an increasing
power of the incident light. The single-photon (linear)
transmission |t6(ωp)|2 from Appendix A is identical to
the steady-state transmission coefficient T6(t = ∞) for
a very low laser power (check Fig. 4(a)). We find that
the sharp resonant peaks of the single-photon transmis-
sion lineshape start to disappear due to the saturation of
Jx coupling at a higher laser power which we have dis-
cussed for the two atoms in the previous section. The
magnitude of nonlinear light transmission falls with an
increasing power similar to the two atoms, and a broad
and relatively smooth peak appears around atomic tran-
sition frequency ωa at a high laser power as presented
in Figs. 4(c,d). The nonlinear T6(t = ∞) is asymmetric
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FIG. 5. Scaling of single-photon transmission |tN (ωp)|2 with
number of atoms N of an ordered atomic medium modeled as
an XX (Jz = 0) or an XXZ like interacting (Jz 6= 0) spin-1/2
chain. The detuning δωp = (ωa−ωp) of the incident light from
the atomic transition frequency ωa and the coupling Jx are
shown in the subplots. The parameters are Jz = 0.05ωa,ΓL =
ΓR = Γ = 0.1ωa and δωp = 0, 0.02ωa.
around ωa for an interacting spin chain (Jz 6= 0).
Next, we discuss the scaling of |tN (ωp)|2 with N in
an ordered medium for a resonant (i.e., ωp = ωa) and
a non-resonant (i.e., ωp 6= ωa) incident light. From
Fig. 5, we find that the single-photon transmission is
always ballistic in an ordered medium modeled as ei-
ther an XX or an interacting spin chain. For a resonant
light, the single-photon transmission coefficient |tN (ωp)|2
is one when 2Jx = ΓL = ΓR = Γ, and |tN (ωp)|2 oscil-
lates (without decay) with N for a non-resonant light
or when 2Jx 6= ΓL = ΓR. The latter oscillation for
2Jx 6= ΓL = ΓR is due to coherent scattering of light
between two boundaries created by a mismatch between
the Jx coupling inside the medium and the tunnel cou-
pling at the boundaries.
We summarize the main features of the nonlinear
transmission coefficient of a resonant laser through the
ordered XX and interacting spin chains in Fig. 6. We
find that the light transmission TN (t =∞) in an ordered
XX spin chain (Jz = 0) is independent of N (ballistic)
at any incident light power. It is depicted in the plots of
Fig. 6 for four different incident power (four columns of
the figure) and two different Jx (two rows). The oscilla-
tion of light transmission coefficient with N at low power
for 2Jx 6= ΓL = ΓR diminishes with an increasing light
power both in the XX and interacting spin chains, and
the nonlinear transmission lineshape changes monotoni-
cally with N .
The properties of TN (t = ∞) of a resonant laser in
an atomic medium modeled as an interacting spin chain
(Jz 6= 0) are very interesting, and they depend on both
the incident power and the value of Jz. We notice from
Figs. 6(b,c,f,g) that the value of T8(t = ∞) is a non-
monotonic function of Jz/Jx at a large light power. The
nonlinear light transmission through a chain of eight
atoms is higher for a small and a very large Jz/Jx than
an intermediate Jz/Jx ≈ 1. Though this feature is not
evident at an even higher power in Figs. 6(d,h), but it
seems to be the case in a longer chain (say of ten atoms)
at this power when we follow the trend of TN (t =∞) in
Figs. 6(d,h). These features are sketched in Fig. 7.
Like the XX spin chain, we find that the nonlinear
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FIG. 6. Scaling of nonlinear transmission coefficient TN (t = ∞) of a resonant monochromatic laser with the length N of an
ordered atomic media modeled as an XX (Jz = 0) and an XXZ like interacting (Jz 6= 0) spin-1/2 chain. Four columns show
four different incident laser powers (Iin ∝ E2p). The parameters are ωp = ωa,ΓL = ΓR = 2Jx, Jx = 0.025ωa (1st row) and
0.05ωa (2nd row). The intensity Iin is in units of ωa/vg.
TN (t =∞) is independent of N (ballistic) for Jz/Jx  1.
It is depicted in Figs. 6(b,c,d,f,g,h) for Jz/Jx = 3 with
two different values of Jx. The scaling of TN (t = ∞)
with N at some intermediate values of Jz when Jz/Jx ≈
1 is a bit non-trivial, and it is difficult to predict the
asymptotic scaling from our numerics with short chains.
Nevertheless, we find a clear N -dependence of TN (t =∞)
in finite-size interacting spin chains at a high light power.
We extract the exponent κ in TN (t = ∞) ∝ N−κ, and
present κ with Jz/Jx in Fig. 8 for two different laser
powers. The critical value of Jz/Jx (called ∆c) where
κ is maximum, seems to depend on the incident light
power and Jx. The value of ∆c increases with a higher
power or a smaller Jx which are shown in Fig. 8. We add
TN (t =∞) with N at ∆c in Figs. 6(b,c,d,f,g,h). We also
find the value of κ at ∆c increases with smaller values
of Jx and higher values of ΓL,ΓR. The Fig. 8 shows
that for a fixed value of Jx, the maximum value of κ is
higher for ΓL,ΓR = 2Jx than that for ΓL,ΓR = Jx. The
above-discussed features of nonlinear light transmission
of a resonant laser seem to remain the same for a small
detuning of the incident light (ωp 6= ωa).
Our studied model of an interacting spin chain here is
a bit similar to the Heisenberg XXZ model in external
magnetic fields. One distinction between our interact-
ing spin chain and the XXZ model in external magnetic
fields is that we have dropped a rescaling of the local
fields ωi when we transform the Pauli matrices by the
ladder operators in the Heisenberg XXZ chain to write
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FIG. 7. Scaling of nonlinear transmission coefficient T8(t =
∞) of a finite spin-1/2 chain of eight atoms with the ratio
Jz/Jx for three incident powers of a resonant laser. The lines
joining the data points are some fits for a guide to the eye.
The parameters are ωp = ωa,ΓL = ΓR = 2Jx. The rate Jx is
in units of ωa, and Iin is in units of ωa/vg.
the Hamiltonian in Eq. 2. The dropping of such rescal-
ing in the local fields or the transition frequencies helps
us to find the length dependence of nonlinear transmis-
sion coefficient for a resonant light at a fixed frequency
ωp. The isolated XXZ spin-1/2 chain in the absence of
external fields (ωi = 0) shows a ground-state (equilib-
rium) phase transition between disordered paramagnet
for Jz/Jx < 1 and ordered antiferromagnet for Jz/Jx > 1
when Jx, Jz > 0. Such ground-state phase transition sur-
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vives in the presence of a uniform external field, but the
critical value of Jz/Jx for the transition depends on the
external field.
The features of our driven-dissipative atomic medium
are expected to be very different from that of the iso-
lated medium. First, the properties of the nonequilib-
rium medium are determined by the scattering states of
the open medium near the frequency ωp of the laser in-
stead of the ground state of the isolated medium. With a
stronger driving (higher Iin) by the laser, more and more
scattering states around ωp contribute in nonlinear light
transmission. For a resonant light on an ordered medium,
both the transition frequencies of the 2LAs (ωi = ωa for
i = 1, 2 . . . N) and the frequency ωp (or vgk) of the inci-
dent light disappear from the dynamical equations of the
nonequilibrium medium which is evident in the matrix
Zs for the single-photon transport and the Eqs. 18-26
and Eq. 38 for nonlinear transport. Therefore, the na-
ture of light transmission mainly depends on the coupling
Jx and Jz of a long medium where the boundary coupling
ΓL and ΓR play a less significant role. In the absence of
external fields, an isolated XXZ spin-1/2 chain has two
trivial limits to the XX spin chain and the Ising spin chain
respectively for Jz = 0 and Jx = 0. The XX spin chain
can be mapped to a tight-binding chain of free fermions.
We find that the nonlinear transmission coefficient in the
XX spin chain falls with an increasing light power, but
it is independent of the chain length. On the contrary,
an Ising spin chain does not contribute to light transmis-
sion at any power. However, it can transmit light in the
presence of a weak perturbation from the Jx coupling,
and we find a ballistic transport of a resonant light when
Jz/Jx  1. At an intermediate value of Jz when Jz and
Jx are comparable, the propagating photons in nonlinear
light transmission experience maximum scattering, and
the cusp in κ vs. Jz/Jx plots around Jz/Jx ≈ 1 in Fig. 8
for a finite-size chain may be due to it.
In Fig. 9, we show the scaled atomic excitation Sii(t =
∞)/Iin of the ith atom of an ordered atomic medium
modeled as an XX (Jz = 0) and an interacting (Jz 6= 0)
spin chain driven by a resonant laser of various power.
We find while the profile of Sii(t = ∞)/Iin is similar
in an XX and an interacting spin chain at a low light
power (see Figs. 9(a,e)), it can be notably different at a
high light power in the absence and presence of interac-
tion especially as shown in Figs. 9(c,d,g,h). For a weak
light power (linear regime), we find Sii(t =∞)/Iin oscil-
lates with the position of the atom when ΓL,ΓR 6= 2Jx
(not shown) and it remains flat when ΓL,ΓR = 2Jx (see
Figs. 9(a,e)). This is a single-photon regime, and the in-
teraction does not play a role here. All the atoms are
equally excited by a propagating photon.
For a stronger driving by the laser field as in
Figs. 9(b,f), the value of atomic excitation increases from
the left of the medium, where the laser is shined, to the
right with an abrupt fall at the end. The atoms are
more excited on the opposite side of the incoming light,
and the maximum value of excitation is lower than the
single-photon regime. The lower excitation at the left of
the medium is probably due to the saturation of Jx cou-
pling at a higher power of the light. Such saturation also
reduces the effective value of 2Jx between the last two
atoms and it becomes smaller than ΓR. It leads to leak-
ing of excitation at the right boundary as the last atom
is relatively strongly coupled to the right bath than the
inner atom. The interacting chains seem to have a more
linearized excitation profile than the noninteracting XX
chains at this light power.
The shape of Sii(t =∞)/Iin in a noninteracting chain
remains almost the same with a further increase in the
incident light power. However, the magnitude of the ex-
citation falls with a higher power. These features are
depicted in Figs. 9(c,d,g,h). On the other hand, a strong
interaction changes the shape of Sii(t = ∞)/Iin dras-
tically in an interacting chain at a higher power. For
example, we show in Figs. 9(d,h) that the atomic exci-
tation is mostly localized near the left boundary and is
almost flat on the rest of the medium. It is because a
strong repulsive interaction between atomic excitation
prevents light from propagating through the medium.
The shapes of the Sii(t = ∞)/Iin at an intermediate
interaction (Jz ≈ Jx) in Figs. 9(c,d,g,h) at two different
power also follow the above argument.
Finally, we discuss some crucial features which are in-
trinsic to the experimental realizations of such atomic
media and are not included in our simple model in Eq. 1.
For example, most experiments with real or artificial
atoms in 1D involve various dissipation and decoherence
mechanisms such as pure dephasing, nonradiative decay
and spontaneous emission into photon modes outside of
the 1D continuum [58]. While pure-dephasing dominates
in superconducting qubits [56, 57], nonradiative decay
is common in most semiconductor quantum dots and
molecules. The spontaneous emission into photon modes
outside of the 1D continuum accounts for the typical loss
of photons in experiments with Rydberg atoms driven by
tightly focused laser lights [50, 51], quantum dots cou-
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pled to nanowire waveguides and quantum dots coupled
to line-defects in photonic crystals [65]. In Appendix B,
we incorporate some of these dissipation and decoherence
mechanisms in our model in Eq. 1, and study their effects
on light transmission through the atomic media.
We have considered only nearest-neighbor (short-
range) interaction between atoms in our model for the
atomic medium in Eq. 2. However, it is not a good ap-
proximation for many experimental systems especially
with Rydberg atoms [50, 51] and polar molecules [66]
where long-range interactions between atoms such as
dipole-dipole interactions are necessary to include. We
show how to apply our generalized QLE method in the
presence long-range interactions in Appendix C and dis-
cuss some consequences of the long-range interactions
in linear and nonlinear light transmission through the
atomic media.
V. CONCLUSIONS
In this paper, we have extended the application of QLE
approach to a 1D interacting quantum optical medium.
We investigate nonequilibrium dynamics of an interact-
ing quantum medium driven by light fields and prop-
erties of the scattered light. In the recent years, there
are several studies along this direction using different ap-
proaches such as the scattering theory [60, 67], the input-
output theory [68, 69], the time-dependent Luttinger-
liquid theory [70], the time-evolution of wave-function us-
ing matrix product states [71]. Many of these studies are
limited to only a few photons or a few atoms. Here, we
can examine quantum optical nonlinearity of the atomic
medium at any power of the incident laser and relatively
large number (N = 8) of atoms. One advantage of the
QLE approach over the Lindblad master equation formal-
ism is that the former method in contrast to the latter for-
malism is in principle valid for an arbitrary bath-medium
coupling strength [49, 72]. We have shown in Fig. 8 that
the value of the scaling exponent κ strongly depends on
the ratio of the bath-medium coupling and the coupling
between atoms in the medium. Therefore, the nature of
the light transmission in the open quantum systems can
change with that ratio, and this proves the usefulness of
the QLE approach to explore nonequilibrium transport
in such systems for general baths.
Light propagation in a nonlinear optical medium is
commonly studied using a nonlinear wave equation, and
the properties of the medium are expressed through lin-
ear and nonlinear optical susceptibilities and refractive
indices. One primary goal of our present work is to il-
luminate the microscopic origin of such optical suscepti-
bilities and refractive indices in some simple models of a
quantum optical medium of interacting atoms. The scal-
ing of transmission coefficient with the number of atoms
and the power of incident light for different media eluci-
dates how macroscopic susceptibilities and refractive in-
dices emerge from the microscopic interactions between
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individual atoms.
While we can explore both the transient and steady-
state dynamics of an interacting open quantum system,
our current numerical results are limited to a 1D lattice
model of eight sites. This limitation is at present the
central challenge of our generalized QLE approach. Due
to such restriction on the size of the medium, we can not
determine the asymptotic scaling of the transmission co-
efficient with the system size. Therefore, we are not able
to study any thermodynamic properties of the nonequi-
librium quantum medium such as nonequilibrium phase
transition. We emphasize here that the MPO represen-
tation helps us to obtain the matrix equation in Eq. 46 in
a simple, compact form after integrating out the photon
fields. However, the limitation on available system size
for steady-state dynamics stems from the constraint in
numerics to invert a (4N − 1) × (4N − 1) square matrix
ZN in Eq. 46. Soon, we wish to test more sophisticated
methods such as the Lanczos algorithm to increase the
accessible size of ZN . It might also be possible to extend
some of the hypotheses in Refs. [20, 21, 33] using MPO
ansatz to our generalized QLE approach.
In our model in Eq. 1, we connect the photon baths
at the boundaries of the atomic medium, and an inci-
dent light can pass through the medium after interact-
ing with all the atoms. We also assume any photon
mediated interaction between atoms to be included in
the Jx and Jz couplings. Nevertheless, there are other
physical situations where light can be side-coupled to
the atoms, and an incident light can propagate through
a medium without interacting with some or all atoms
[50, 51]. Shortly, we wish to apply the QLE approach
for such side-coupled atom-photon interaction which is
also common in many experimental set-ups. We have
tried to explore the role of disorder or randomness in
the medium on the nonlinear light propagation. How-
ever, our results are inconclusive due to the constraint
on chain length; so we do not present them here. Dis-
ordered medium would be an exciting direction of study
when a longer chain length becomes accessible in the nu-
merics. Finally, it would be enlightening to examine light
propagation through an atomic medium by going beyond
the Markov, and rotating-wave approximation assumed
in writing the model Hamiltonian in our present study.
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Appendix A: Single-photon transport
The propagation of a single-photon through an atomic
chain of N 2LAs can be calculated using the Lippmann-
Schwinger scattering theory [14, 60]. For a linear energy-
momentum dispersion of photons, we get the following
real-space description of the Hamiltonian in Eq. 1 after
replacing the photon operators in momentum space by
their Fourier transform to real-space operators:[58]
HR
~
=
HM
~
− ivg
∫
dx
(
a†x
∂
∂x
ax + b
†
x
∂
∂x
bx
)
+(
√
2vgΓL σ
†
1a0 +
√
2vgΓR σ
†
Nb0 + h.c.).(A1)
Let us consider a single-photon incident light from the
left of the atomic medium. The wavefunction of a single
incident photon with all the atoms in the ground state is
|ψ〉in = 1√
2pi
∫
dx eikxa†x|ϕ〉 ⊗ |g, g, g . . . g〉, (A2)
where ωk (ωk = vgk) and k are respectively the frequency
and the wave vector of the incident photon, and |ϕ〉 de-
notes vacuum of the light fields. A single photon can
excite the ith 2LA to excited state |e〉i. Therefore, we
take an ansatz for the scattered wavefunction |ψ〉s as
|ψ〉s = 1√
2pi
∫
dx {δ(x)[e1k|ϕ〉 ⊗ |e, g, g . . . g〉
+e2k|ϕ〉 ⊗ |g, e, g . . . g〉+ · · ·+ eNk |ϕ〉 ⊗ |g, g, g . . . e〉]
+(φak(x)a
†
x + φ
b
k(x)b
†
x)|ϕ〉 ⊗ |g, g, g . . . g〉}, (A3)
where eik is the amplitude for ith atom in the excited
state |e〉i, and φak(x) and φbk(x) are the amplitudes for a
scattered photon in the left and right side of the atomic
medium respectively.
We can find these amplitudes using the Schro¨dinger
equation HR|ψ〉s = ~vgk|ψ〉s which results in N linear
coupled equations plus two linear inhomogeneous differ-
ential equations. The differential equations are
ivg
∂
∂x
φak(x) + vgkφ
a
k(x) =
√
2vgΓLδ(x)e
1
k, (A4)
ivg
∂
∂x
φbk(x) + vgkφ
b
k(x) =
√
2vgΓRδ(x)e
N
k . (A5)
The Eqs. A4,A5 show that the single-photon amplitudes
have a discontinuity at x = 0: φak(0+) − φak(0−) =
−i√2ΓL/vg e1k and φbk(0+)− φbk(0−) = −i√2ΓR/vg eNk .
For an incident single-photon from the left of the
medium: φak(0−) = 1 and φbk(0−) = 0. Thus, we write
φak(0) =
1
2
(φak(0+) + φ
a
k(0−)) = 1− i
√
ΓL
2vg
e1k,
φbk(0) =
1
2
(φbk(0+) + φ
b
k(0−)) = −i
√
ΓR
2vg
eNk ,
by using regularization of the amplitudes across x = 0.
We substitute the above φak(0) and φ
b
k(0) in N linear
coupled equations, obtained from the Schro¨dinger equa-
tion, for the amplitudes eik with i = 1, 2 . . . N , and we
write these equations in a compact form as Zsek = Ωs
where Zs is a tridiagonal square matrix with elements
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[Zs]mm = ωm− vgk− iΓLδm,1− iΓRδm,N and [Zs]mn =
2Jx(δm+1,n + δm,n+1) for m 6= n = 1, 2 . . . N , and
ek =
[
e1k e
2
k e
3
k . . . e
N
k
]T
, (A6)
Ωs =
[−√2vgΓL 0 0 . . . 0]T . (A7)
The matrix Zs does not contain Jz as the contribution
from the z-component of the interaction in the Hamil-
tonian in Eq. 1 or A1 is zero for a single-photon in-
cident state with all atoms in the ground state. We
get the amplitudes of excited atom: ek = Z−1s Ωs.
The single-photon transmission and reflection amplitudes
tN (ωk), rN (ωk) are obtained by using the solution of e
1
k
and eNk . They are
tN (ωk) = −i
√
2ΓR/vg e
N
k , (A8)
rN (ωk) = 1− i
√
2ΓL/vg e
1
k. (A9)
Appendix B: Inclusion of losses from atoms
In the main text, we have only considered dissipation
and decoherence of the atomic medium due to its cou-
pling to the light fields at the boundaries. However, light-
propagation in an atomic medium can induce other types
of dissipation and decoherence of real and artificial atoms
in the bulk and edges of the medium. We here incor-
porate two such mechanisms namely nonradiative decay
and pure dephasing in our microscopic analysis of light
propagation. The total Hamiltonian of the light-matter
system including the above losses is Hloss = HT + HD
where the Hamiltonian HT is given in Eq. 1 and
HD
~
=
N∑
j=1
∫ ∞
−∞
dk
[
vgk(c
†
jkcjk + d
†
jkdjk)
+λ(cjk + c
†
jk)σ
†
jσj + γ(d
†
jkσj + σ
†
jdjk)
]
. (B1)
Here, the operators c†jk, d
†
jk create excitations with wave
vector k, respectively, related to pure dephasing and non-
radiative decay of jth atom [42, 61]. The rate of pure de-
phasing and nonradiative decay are respectively λ and γ
which we take to be same for all atoms. The spontaneous
decay rate of an excited atom to non-guided (outside the
left and right photon baths) photon modes can also be
included within the nonradiative decay rate γ.
For an atomic medium of N atoms, the time evolu-
tion of operators cjk(t) and djk(t) with initial conditions
cjk(t0) and djk(t0) at an initial time t = t0 are given by,
cjk(t) = Gk(t− t0)cjk(t0)
−iλ
∫ t
t0
dt′Gk(t− t′)σ†j (t′)σj(t′), (B2)
djk(t) = Gk(t− t0)djk(t0)
−iγ
∫ t
t0
dt′Gk(t− t′)σj(t′), (B3)
for j = 1, 2, . . . N , where again Gk(τ) = e−ivgkτ . As
earlier, for an incident laser beam in a coherent state
|Ep, ωp〉 from the left of the atomic medium, we have,
cjk(t0)|Ep, ωp〉 = 0, djk(t0)|Ep, ωp〉 = 0. (B4)
In the presence of pure dephasing and nonradiative decay,
the Eq. 44 for the atomic operators would have some
extra contributions from HD. Thus, we have
d〈σ˜⊗N 〉
dt
= − i
~
(〈[σ˜⊗N ,HE ]〉+ 〈[σ˜⊗N , H˜M ]〉
+〈[σ˜⊗N ,HD]〉
)
. (B5)
The first two terms in Eq. B5 can be found using Eqs. 39-
43. To calculate 〈[σ˜⊗N ,HD]〉, we integrate out the exci-
tation fields related to pure dephasing and nonradiative
decay by substituting the formal solutions of cjk(t) and
djk(t) in Eqs. B2,B3 as in Sec. IV. Therefore, we have
〈[σ˜⊗N ,HD]〉/(i~) (B6)
= 〈Γλ
([
σ˜†1σ˜1, [σ˜1, σ˜
†
1σ˜1]
]⊗ σ˜2 ⊗ · · · ⊗ σ˜N
+σ˜1 ⊗
[
σ˜†2σ˜2, [σ˜2, σ˜
†
2σ˜2]
]⊗ σ˜3 ⊗ · · · ⊗ σ˜N +
· · ·+ σ˜1 ⊗ · · · ⊗ σ˜N−1 ⊗
[
σ˜†N σ˜N , [σ˜N , σ˜
†
N σ˜N ]
])
+Γγ
((
σ˜†1[σ˜1, σ˜1]− [σ˜1, σ˜†1]σ˜1
)⊗ σ˜2 ⊗ · · · ⊗ σ˜N
+σ˜1 ⊗
(
σ˜†2[σ˜2, σ˜2]− [σ˜2, σ˜†2]σ˜2
)⊗ σ˜3 ⊗ · · · ⊗ σ˜N + . . .
+σ˜1 ⊗ · · · ⊗ σ˜N−1 ⊗
(
σ˜†N [σ˜N , σ˜N ]− [σ˜N , σ˜†N ]σ˜N
))〉,
where Γγ = piγ
2/vg, Γλ = piλ
2/vg.
Next we write down the explicit forms of Eq. B5 for an
atomic medium of two atoms. In the presence of losses,
the Eqs. 18-26 in Sec. III should be replaced by the fol-
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lowing equations obtained from Eq. B5:
dS1
dt
= −(iδω1 + Γ˜L + Γλ)S1 − 4iJzS122
+2iJx(2S112 − S2) + 2iΩLS11 − iΩL, (B7)
dS2
dt
= −(iδω2 + Γ˜R + Γλ)S2 − 4iJzS112
+2iJx(2S122 − S1), (B8)
dS11
dt
= −2Γ˜LS11 − 2iJx(S12 − S∗12) + iΩL(S1 − S∗1 ),
(B9)
dS22
dt
= −2Γ˜RS22 + 2iJx(S12 − S∗12), (B10)
dS3
dt
= −(i(δω1 + δω2 + 4Jz) + Γ˜L + Γ˜R + 2Γλ)S3
+iΩL(2S112 − S2), (B11)
dS12
dt
=
(
i(ω1 − ω2)− Γ˜L − Γ˜R − 2Γλ
)S12
+2iJx(S22 − S11) + iΩL(S2 − 2S112), (B12)
dS122
dt
= −(i(δω1 + 4Jz) + Γ˜L + 2Γ˜R + Γλ)S122
+2iJxS112 + iΩL(2S1122 − S22), (B13)
dS112
dt
= −(i(δω2 + 4Jz) + 2Γ˜L + Γ˜R + Γλ)S112
+2iJxS122 + iΩL(S3 − S12), (B14)
dS1122
dt
= −2(Γ˜L + Γ˜R)S1122 + iΩL(S122 − S∗122), (B15)
where Γ˜L = ΓL + Γγ and Γ˜R = ΓR + Γγ .
The rest of the equations are complex conjugates of
Eqs. B7,B8,B11,B12,B13,B14. We can find the expecta-
tion value of the atomic operators from the above equa-
tions for some initial condition as we have done in Sec. IV.
In Fig. A1, we show how nonradiative decay and pure
dephasing affect the scaling of nonlinear transmission co-
efficient TN (t = ∞) of a monochromatic laser with the
length N of an ordered atomic medium modeled as a dis-
sipative XX and a dissipative XXZ like interacting spin
chain. The nature of nonlinear transmission in the XX
spin chain seems to change substantially from ballistic
transport in the absence of loss to exponential decay with
length in the presence of pure dephasing or nonradiative
decay. The fall of nonlinear TN (t = ∞) with N in the
interacting spin chain at Jz/Jx = 1 seems to remain al-
gebraic in the presence of pure dephasing and to become
exponential in the presence of nonradiative decay. In the
presence of both nonradiative decay and pure dephasing,
the nonlinear TN (t = ∞) falls exponentially with N in
the XX and interacting spin chains. However, the above
features of TN (t =∞) depend on the rates of these losses
and can change at higher rates.
Appendix C: Long-range interactions
Here we briefly sketch how to calculate linear and non-
linear light propagation through an atomic medium with
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FIG. A1. Influence of nonradiative decay and pure dephasing
on the scaling of nonlinear transmission coefficient TN (t =∞)
of a resonant monochromatic laser with the length N of an
ordered atomic media modeled as a dissipative XX (Jz = 0)
and a dissipative interacting (Jz 6= 0) spin chain. The rates
Γγ and Γλ of the nonradiative decay and the pure dephasing
respectively are shown in the plots. The parameters are Iin =
0.16ωa/vg, ωp = ωa, Jx = Jz = 0.05ωa,ΓL = ΓR = 0.1ωa.
The rates Γλ,Γγ are in units of ωa.
long-range interactions between atoms. The Hamiltonian
of the atomic medium is
HLM
~
=
N∑
i=1
ωiσ
†
iσi +
N−1∑
i=1
N∑
j=i+1
( 2Jx
|i− j|α (σ
†
iσj + σiσ
†
j )
+
4Jz
|i− j|β σ
†
iσiσ
†
jσj
)
, (C1)
where the exponents α and β control long-rangeness of
the couplings. The total Hamiltonian of the atomic
medium including the photonic baths and the bath-
medium couplings is given by
Hlong = HLM +HE , (C2)
and the Hamiltonian HE is from Sec. IV. We rename
HLM and Hlong, respectively, as H˜LM and H˜long after
replacing ωi in HLM by δωi = ωi − ωp.
Single-photon transport in a long-range XX or inter-
acting spin chain can be calculated exactly using the
scattering theory discussed in the Appendix A. For a
long-range chain, we have Z lsek = Ωs where Z ls is
a N × N square matrix whose elements are [Z ls]jj =
ωj − vgk − iΓLδj,1 − iΓRδj,N for j = 1, 2 . . . N and
[Z ls]mn = 2Jx/|m − n|α for m 6= n = 1, 2 . . . N . ek and
Ωs remain the same as in Eq. A6 and Eq. A7. The single-
photon transmission and reflection coefficients are then
found from Eq. A8 and Eq. A9 using ek derived from
ek = Z−1ls Ωs. The single-photon transmission is again
16
ballistic in a long-range XX or interacting spin-1/2 chain
for any value of α and β. However, the single-photon
transmission coefficient |tN (ωp)|2 now oscillates with N
at a smaller α even for a resonant light (ωp = ωa) and
2Jx = ΓL = ΓR. The amplitude of this oscillation in-
creases with a decreasing α.
Nonlinear light transmission in a long-range spin chain
can be investigated following the QLE method in Sec. IV.
To find the commutator, [σ˜⊗N , H˜long] for the Heisenberg
equations of the atomic operators and hence the expec-
tation value − i~ 〈[σ˜⊗N , H˜long]〉, we note that the commu-
tators involving both the photonic baths and the losses
(if included) remain unchanged for a long-range Hamil-
tonian. Therefore, 〈[σ˜⊗N ,HE ]〉 from Sec. IV can also
be used here. We need only compute 〈[σ˜⊗N , H˜LM ]〉 to
obtain the set of equations d〈σ˜
⊗N 〉
dt = − i~ 〈[σ˜⊗N , H˜long]〉
which can again be cast as,
dSN (t)
dt
= Z lSN (t) + ΩN , (C3)
where SN (t) and ΩN are the same as those in Eq. 45,
and Z l keeps track of the long-range model.
We can directly compute 〈[σ˜⊗N , H˜LM ]〉 by writing
σ˜⊗N and H˜LM as 2N × 2N matrices for N atoms. Here,
we write the Hamiltonian H˜LM of the atomic medium
as an MPO for an easy numerical implementation. How-
ever, there is no straightforward exact method to rep-
resent a long-range Hamiltonian by an MPO. Therefore,
we here apply an approximation known as the Levenberg-
Marquardt nonlinear least squares method [73]. We can
not write the long range Hamiltonian in Eq. C1 as
a sum of two-site Hamiltonian used in Sec. IV due to
the separation-dependent coupling between atoms i and
j. Hence, we make an approximation for the function
1/|i− j|u with u = α, β in the MPO representation. The
problem then reduces to minimizing,
f(γ1, δ1, γ2, δ2 . . . γL, δL)
=
L∑
k=1
|i−j|max∑
|i−j|=1
[
γkδ
|i−j|−1
k −
1
|i− j|u
]2
, (C4)
where
∑L
k=1 γkδ
|i−j|−1
k approximates 1/|i− j|u with u =
α, β. One problem with this method is that the di-
mension of an approximate MPO, χ increases with the
number of coefficients γk, δk. Hence, the dimension of
the matrix at each site, χ = 3L + 2, is a function of
L. Let us define the vectors: γ[u] = [γ
[u]
1 γ
[u]
2 . . . γ
[u]
L ],
δ[u] = diag[δ
[u]
1 I δ
[u]
2 I . . . δ
[u]
L I] and Q = [1 1 . . . 1] of
length L. For an approximation with L coefficients, we
have
M
[j]
l =

Ij 0 0 0 0
QT ⊗ σj δ[α] 0 0 0
QT ⊗ σ†j 0 δ[α] 0 0
QT ⊗ σ†jσj 0 0 δ[β] 0
δωjσ
†
jσj 2Jxγ
[α] ⊗ σ†j 2Jxγ[α] ⊗ σj 4Jzγ[β] ⊗ σ†jσj Ij
 , (C5)
M
[1]
l =
[
δω1σ
†
1σ1 2Jxγ
[α] ⊗ σ†1 2Jxγ[α] ⊗ σ1 4Jzγ[β] ⊗ σ†1σ1 I1
]
, (C6)
M
[N ]
l =
[
IN Q⊗ σN Q⊗ σ†N Q⊗ σ†NσN δωNσ†NσN
]T
, (C7)
where j = 2, 3 . . . N−1, Ij is a 2×2 identity matrix and 0
is a null matrix of required dimensions. The Hamiltonian
thus becomes,
H˜LM = M [1]l M [2]l . . .M [N ]l . (C8)
Each M
[j]
l represents a matrix in the local Hilbert space
of the individual atom j denoted by the superscript. The
matrix H˜LM then represents the Hamiltonian in the com-
plete Hilbert space of the atomic medium.
We apply the above approximate method to write and
solve the equations in C3. While we can investigate
single-photon transport using the scattering theory for
an arbitrary number of atoms, we can calculate nonlinear
light transmission only for short chains due to the limi-
tation on the size of Z l in our numerics. In Fig. A2, we
show how the length-dependence of steady-state trans-
mission TN (t = ∞) in a long-range XX and interacting
spin chain evolves with α and β. We find that the nonlin-
ear TN (t = ∞) falls with N in the long-range XX chain
for small α and β, and it becomes independent of N for
large α and β as expected. However, it is difficult to in-
vestigate the features of nonlinear light transmission in a
long-range model conclusively due to our current numer-
ical constraint.
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